Introduction
Within SU(N) Yang-Mills gauge theories, it is observed that the asymptotic particle spectrum does not contain the elementary excitations of quarks and gluons. These color charged objects are confined into color neutral bound states: this is the so-called color confinement phenomenon. The best theoretical explanation we have for confinement is due to non-perturbative infrared effects. Different criteria for confinement have been proposed (see the pedagogical introduction [1] ). A very natural observation is that gluons should not belong to the physical spectrum in a confining theory. Hence, non-perturbative effects should dress the perturbative propagator in such a way that the positivity conditions are violated. Therefore, it does not belong to the physical spectrum anymore. The Polyakov loop [2] was proposed as an order parameter for the confinement/deconfinement phase transition via its connection to the free energy of a (very heavy) quark. The importance to clarify the interplay between these two different points of view (nonperturbative Green function's behaviour vs. Polyakov loop) can be understood by observing that while there are, in principle, infinitely many different ways to write down a gluon propagator which violates the positivity conditions, it is very likely that only few of these ways turns out to be compatible with the Polyakov criterion.
One of the most fascinating non-perturbative infrared effects is related to the appearance of Gribov copies [3] , that represent an intrinsic overcounting of the gauge-field configurations which the perturbative gauge-fixing procedure is unable to take care of. The presence of Gribov copies induces the existence of non-trivial zero modes of the Faddeev-Popov operator, which make the path integral ill defined. Soon after Gribov's seminal paper, Singer showed that any true gauge condition, as the Landau gauge 1 , presents this obstruction [4] (see also [5] ).
The most effective method to eliminate Gribov copies, at leading order proposed by Gribov himself, and refined later on by Zwanziger [3, 6, 7, 8] , corresponds to restricting the path integral to the first Gribov region, which is the region in the functional space of gauge potentials over which the Faddeev-Popov operator is positive definite. The Faddeev-Popov operator is Hermitian in the Landau gauge, so it makes sense to discuss its sign. In [9, 10] Dell'Antonio and Zwanziger showed that all the orbits of the theory intersect the Gribov region, indicating that no physical information is lost when implementing this restriction. Even though this region still contains copies [11] , this restriction has remarkable effects. In fact, due to the presence of a dynamical (Gribov) mass scale, the gluon propagator is suppressed while the ghost propagator is enhanced in the infrared. More general, an approach in which the gluon propagator is "dressed" by non-perturbative corrections which push the gluon out of the physical spectrum leads to propagators and glueball masses in agreement with the lattice data [12, 13] .
For all these reasons, it makes sense to compute the vacuum expectation value of the Polyakov loop when we eliminate the Gribov copies using the Gribov-Zwanziger (GZ) approach. Related computations are available using different techniques to cope with nonperturbative propagators at finite temperature, see e.g. [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] . In [25, 26, 27] , it was already pointed out that the Gribov-Zwanziger quantization offers an interesting way to illuminate some of the typical infrared problems for finite temperature gauge theories. Therefore, in the present work, we recapitulate the paper [28] , and present their main results.
The Gribov Ambiguity
In this Section we give a brief overlook of the Gribov ambiguity. The interested reader can find many excellent and fully detailed reviews about this topic (see, for instance, [29, 30] ).
Let us start with the Yang-Mills (YM) action in the Euclidean space 2 ,
where U ∈ SU(N) is a finite group element. When we compute the propagators using path-integral formulation, or any observable of the theory, we must read off the gauge redundance (2.2) . In order to do that, we introduce the following unity into the path integral
where G[A] = ∂ µ A µ is the gauge fixing condition (the Landau gauge in this case), while A α is the infinitesimal gauge transformation (2.2) for g = 1 − gt a α a . The proposal of the gauge fixing condition G[A] is to select one (and only one, if possible) representative of the gauge orbit, see Figure 1 . Thus,
where the covariant derivative is D ab µ = (δ ab ∂ µ − g f abc A c µ ), f abc being the structure constants of the SU(N) Lie algebra. Using (2.3), we can write
Faddeev and Popov decided to represent the determinant of this quantity as
, is the Faddeev-Popov operator. We observe here thatc, c are anticommuting fields, which are scalars under Lorentz transformation, and received the name of Faddeev-Popov ghosts. Now, the Landau gauge fixing condition can be implemented with the help of an auxiliary field b, by adding the following term to the action − d 4 xb a ∂ µ A a µ . Therefore, in order to avoid over-counting field configurations, we must compute the path integral of the following Faddeev-Popov action
As said before, it is desirable to have only one representative for each gauge orbit. However, this is not possible in the Landau gauge for a non-Abelian Lie algebra, as proven by Gribov [3] . Gribov himself proposed a possible solution to this problem by restricting the domain of integration of the Faddeev-Popov (FP) path-integral, showing at the same time that this leads to a gauge and ghost propagators with a modified infrared behaviour. Moreover, these modified gluon propagators could be interpreted as a signal of confinement, as their poles become complex and do not belong to the Källén-Lehmann spectrum [31] .
The Gribov region Ω is the set of all gauge field configurations fulfilling the Landau gauge, ∂ µ A a µ = 0 and M ab > 0. Namely,
As is shown in Figure 2 , the space configuration is divided by different horizons ∂ Ω i , which are defined by M ab = 0.
A great deal of work has been done following the Gribov's seminal paper, remarkably the construction of a renormalizable action, known as Gribov-Zwanziger (GZ) action [6, 7, 8] . Following these works, the restriction of the domain of integration in the path integral is achieved by adding to the FP action S FP an additional term H(A), called the horizon term, given by the following non-local expression
where M −1 stands for the inverse of the FP operator. The partition function can then be written as [3, 6, 7, 8] : 
7)
where V is the Euclidean space-time volume. The parameter γ has the dimension of a mass and is known as the Gribov parameter. We must stress here the fact that this is not a free parameter of the theory. It is a dynamical quantity, being determined in a self-consistent way through a gap equation called the horizon condition [3, 6, 7, 8] , given by
where the notation H(A, γ) GZ means that the vacuum expectation value of the horizon function H(A, γ) has to be evaluated with the measure defined in Eq.(2.7). An equivalent all-order proof of eq.(2.8) can be given within the original Gribov no-pole condition framework [3] , by looking at the exact ghost propagator in an external gauge field [32] . Although the horizon term H(A, γ), eq.(2.6), is non-local, it can be cast in local form by means of the introduction of a set of auxiliary fields (ω ab
are anti-commuting. The partition function Z GZ in eq.(2.7) can be rewritten as [6, 7, 8] Z
where Φ accounts for the quantizing fields, A,c, c, b,ω, ω,φ, and ϕ, while S GZ [Φ] is the YM action plus gauge fixing and Gribov-Zwanziger (GZ) terms, in its localized version,
It can be seen from (2.7) that the horizon condition (2.8) takes the simpler form
which is called the gap equation. The quantity E v (γ) is the vacuum energy defined by
The local action S GZ in eq.(2.10) is known as the Gribov-Zwanziger action. Remarkably, it has been shown to be renormalizable to all orders [6, 7, 8, 33, 34, 35, 36, 37] . This important property of the GZ action is a consequence of an extenstive set of Ward identities constraining the quantum corrections in general and possible divergences in particular. In fact, introducing the nilpotent BRST transformations
it can immediately be checked that the GZ action exhibits a soft breaking of the BRST symmetry, as summarized by the equation
Notice that the breaking term ∆ is of dimension two in the fields. As such, it is a soft breaking and the ultraviolet divergences can be controlled at the quantum level. The properties of the soft breaking of the BRST symmetry of the GZ theory and its relation with confinement have been object of intensive investigation in recent years, see [38, 39, 40, 41, 42, 43, 44, 45, 46, 47] . Here, it suffices to mention that the broken identity (2.16) is connected with the restriction to the Gribov region Ω. However, a set of BRST invariant composite operators whose correlation functions exhibit the Källén-Lehmann spectral representation with positive spectral densities can be consistently introduced [48] . These correlation functions can be employed to obtain mass estimates on the spectrum of the glueballs [12, 13] .
The Polyakov Loop
In this Section we shall investigate the confinement/deconfinement phase transition of the SU(2) gauge field theory in the presence of two static sources of (heavy) quarks. The standard way to achieve this goal is by probing the Polyakov loop (PL) order parameter,
with P denoting path ordering, needed in the non-Abelian case to ensure the gauge invariance of P.
In this analytical description of the phase transition involving the PL, one usually imposes the socalled Polyakov gauge on the gauge field, such that, the time-component A 0 becomes diagonal and independent of (imaginary) time, meaning that the gauge field belongs to the Cartan subalgebra.
In the SU(2) case, if 1 2 gβ A 0 = π 2 then we are in the "unbroken symmetry phase" (confined or disordered phase), equivalent to P = 0; otherwise, if 1 2 gβ A 0 < π 2 , we are in the "broken symmetry phase" (deconfined or ordered phase), equivalent to P = 0. Since P ∝ e −FT with T the temperature and F the free energy of a heavy quark, it is clear that in the confinement phase, an infinite amount of energy would be required to actually get a free quark. The broken/restored symmetry referred to is the Z N center symmetry of a pure gauge theory (no dynamical matter in the fundamental representation).
Besides the trivial simplification of the PL, when imposing the Polyakov gauge it turns out that the quantity A 0 becomes a good alternative choice for the order parameter instead of P. This extra benefit can be proven by means of Jensen's inequality for convex functions and is carefully explained in [16] , see also [15, 17, 18, 19, 20] . As mentioned before, with the Polyakov gauge imposed to the background fieldĀ µ , the time-component becomes diagonal and time-independent. In other words, we haveĀ µ (x) =Ā 0 δ µ0 , withĀ 0 belonging to the Cartan subalgebra of the gauge group. For instance, in the Cartan subalgebra of SU(2) only the t 3 generator is present, so thatĀ a 0 = δ a3Ā3 0 ≡ δ a3Ā 0 . As explained in [20] , at leading order we then simply find, using the properties of the Pauli matrices, P = cos r 2 ,
where we defined r = gβĀ 0 ,
with β the inverse temperature. Just like before, r = π corresponds to the confinement phase, while 0 ≤ r < π corresponds to deconfinement. With a slight abuse of language, we will refer to the quantity r as the PL hereafter. In order to probe the phase transition in a quantized non-Abelian gauge field theory, we use the Background Field Gauge (BFG) formalism, detailed in general in e.g. [49] . Within this framework, the effective gauge field will be defined as the sum of a classical fieldĀ µ and a quantum field A µ : a µ (x) = a a µ (x)t a =Ā µ + A µ , with t a the infinitesimal generators of the SU(N) symmetry group. The BFG method is a convenient approach, since the tracking of breaking/restoration of the Z N symmetry becomes easier by choosing the Polyakov gauge for the background field.
Within this framework, it is convenient to define the gauge condition for the quantum field,
known as the Landau-DeWitt (LDW) gauge fixing condition, whereD ab µ = δ ab ∂ µ − g f abcĀc µ is the background covariant derivative. After integrating out the (gauge fixing) auxiliary field b a , we end up with the following YM action,
Notice that, concerning the quantum field A µ , the condition (3.4) is equivalent to the Landau gauge, yet the action still has background center symmetry. The LDW gauge is actually recovered in the limit ξ → 0, taken at the very end of each computation. The LDW is also plagued by Gribov ambiguities, and the GZ procedure is applicable also in this instance [28, 50] . Actually dealing with the Gribov copies in the LDW gauge is something very delicate, see [51] and more recently [52] . As we are interested in the qualitative result, we shall take the GZ action modified for the BFG framework (see [53] ) as
The finite temperature effective action
Considering only the quadratic terms of (3.6), the integration of the partition function gives us the following vacuum energy at one-loop order, defined according to (2.14) ,
where V is the Euclidean space volume, λ 4 = 2Ng 2 γ 4 , γ is the Gribov parameter, D is the covariant background derivative in the adjoint representation defined in (3.4) , and Λ 2 is a scale parameter in order to regularize the result. We stress the fact that in this work we are dealing with N = 2 colors, although we will frequently continue to explicitly write N dependence for generality of the formulae. Using the usual Matsubara formalism, we have that D 2 = (2πnT + rsT ) 2 + q 2 , where n is the Matsubara mode, q is the spacelike momentum component, and s is the isospin, given by −1, 0, or +1 for the SU(2) case 3 . The general trace is of the form
2) which will be computed numerically.
Let us now investigate what happens to the Gribov parameter λ when the temperature is nonzero. Taking the derivative of the effective potential (4.1) with respect to λ 2 and dividing by d(N 2 − 1)λ 2 /Ng 2 (as we are not interested in the solution λ 2 = 0) yields the gap equation for general number of colors N:
3) where the notation ∂ I/∂ m 2 denotes the derivative of I with respect to its first argument. If we now define λ 0 to be the solution to the gap equation at T = 0:
then we can subtract this equation from the general gap equation (4.3). After dividing through (d − 1)Ng 2 /2d and setting d = 4 and N = 2, the result is
where now all integrations are convergent. This equation can be easily solved numerically to yield λ as a function of temperature T and background r, in units λ 0 . This is shown in Figure 3 . Let us now investigate the temperature dependence of r. We porpose that the physical value of the background field r is found by minimizing the vacuum energy:
From the vacuum energy (4.1) we have
The expression (4.7) was obtained after summation over the possible values of s. Furthermore, we used the fact that I(m 2 , r, +1, T ) = I(m 2 , r, −1, T ) and that s = 0 accounts for terms independent of r, which are cancelled by the derivation w.r.t. r. One can get, whenever s = ±1:
Since (4.7) is finite, we can numerically obtain r as a function of temperature. From the dotted curve in Figure 4 one can easily see that, for T > T crit ≈ 0.40λ 0 , we have r = π, pointing to a deconfined phase, confirming the computations of the previous section. In the same figure, λ (T ) is plotted in a continuous line. We observe very clearly that the Gribov mass λ (T ) develops a cusp-like behaviour exactly at the critical temperature T = T crit . 
The equation of state issue
Following [55] , we can also extract an estimate for the (density) pressure p and the interaction measure I/T 4 , shown in Figure 5 (left and right respectively). As usual the (density) pressure is defined as
which is related to the free energy by p = −E v . Here the plot of the pressure is given relative to the Stefan-Boltzmann limit pressure: p SB = κT 4 , where κ = (N 2 − 1)πT 4 /45 is the Stefan-Boltzmann constant accounting for all degrees of freedom of the system at high temperature.
We subtract the zero-temperature value, such that the pressure becomes zero at zero temperature:
. Namely, after using the MS renormalization prescription and choosing the renormalization parameterμ so that the zero temperature gap equation is satisfied, The last term of (5.3) accounts for the zero temperature subtraction, so that p(0) = 0. Note that the coupling constant does not explicitly appear in (5.3) and that λ 0 stands for the Gribov parameter at T = 0.
The interaction measure I is defined as the trace anomaly in units of T 4 , and I is exactly the trace of the stress-energy tensor, given by
with ε being the internal energy density, which is defined as ε = E v + T s (with s the entropy density), u = (1, 0, 0, 0) and η µν the (Euclidean) metric of the space-time. Given the thermodynamic definitions of each quantity (energy, pressure and entropy), we obtain
Both quantities display a behavior similar to that presented in [27] (but note that they plot the temperature in units of the critical temperature (T c in their notation), while we use units λ 0 ). Besides this, and the fact that we included the effect of PL on the Gribov parameter, in [27] a latticeinspired effective coupling was introduced at finite temperature while we used the exact one-loop perturbative expression, which is consistent with the order of all the computations made here. However, we notice that at temperatures relatively close to our T c , the pressure becomes negative. This is clearly an unphysical feature, possibly related to some missing essential physics. For higher temperatures, the situation is fine and the pressure moreover displays a behaviour similar to what is seen in lattice simulations for the nonperturbative pressure (see [56] for the SU(3) case). A similar problem is present in one of the plots presented in [27, Fig. 4 ], although no comment is made about it. Another strange feature is the oscillating behaviour of both pressure and interaction measure at low temperatures. Something similar was already observed in [57] where a quark model was employed with complex conjugate quark mass. It is well-known that the gluon propagator develops two complex conjugate masses in GZ quantization, see e.g. [12, 13, 48, 58] for some more details, so we confirm the findings of [57] that, at least at leading order, the thermodynamic quantities develop an oscillatory behaviour. We expect this oscillatory behaviour would in principle also be present in [27] if the pressure and interaction energy were to be computed at lower temperatures than shown there. In any case, the presence of complex masses and their consequences gives us a warning that a certain care is needed when using GZ dynamics, also at the level of spectral properties as done in [59, 60] , see also [38, 61] . 
Conclusions
We have presented here one possible scenario for the confined-deconfined phase transition for a toy model theory, with an internal non-Abelian SU(2) group, where Gribov copies arise. By implementing the PL to the resulting GZ action, gives us a deconfinement critical temperature of T C ≈ 0.40λ 0 .
In the original paper [28] , it is also investigated how this result is modified if we take into account the condensate of the extra fields, an approach known as refined GZ (RGZ). The corrected critical temperature in RGZ scenario is T C = 0.250 GeV , which is not far from the lattice value for SU(2) T C = 0, 295 GeV [62] . However, we must stress here that we pursuit the quality of the transition behaviour rather than quantify the results, as also the lattice values are getting better tuned as the computation machine capabilities are improved.
The thermodynamic pressure has a negative sector. This is an issue that does not only appear in GZ or RGZ, but it is also shared by many different confinement scenarios, see for instance [21] . Actually, the strange behaviour of the thermodynamic variables is related to the complex poles of the GZ propagator, as is explicitly shown in [63] . For that reason, also quark propagators coming from lattice fitting, which are characterized by complex poles, acquire the same pathological thermodynamic behaviour [57, 63] . We expect that a more detailed exploration about the trace anomaly both from thermodynamic and hydrodynamic point of view, could shed some light on this issue.
